In order to characterize the deformation behavior accompanying damage of microstructures in micro-scale metallic materials, a new theoretical model is developed based on a low order strain gradient plasticity theory. Not only the size effect induced by strain gradient plasticity but also the one of microstructure damage induced by deformation is considered. The feature of the new theory includes two aspects: the strain gradient is taken as an internal variable to affect the tangential hardening modulus without the introduction of high-order stress or high-order boundary condition; both the elastic modulus and the involved intrinsic length are influenced by the microstructural damage. Two commonly used samples with size effect in micro-scales, i.e., the thin wire torsion and the ultra-thin beam bending, are re-analyzed with the new model. It is found that stiffness of the micro-scale material is gradually reduced along with the increasing deformation and the theoretical prediction is consistent well with the existing experimental data. All the results demonstrate that the present theory should be a promising way for predicting the mechanical behavior of a more complex system, for example, the micro-particle reinforced metal matrix composite and the recent-hot-studied nano-crystallized gradient materials.
Introduction
The miniaturization of electronic equipments and fabrication of advanced composites give rise to material systems with a characteristic length on the order of micron or sub-micron meter. Within such a scale range, a strong size effect of mechanical behaviors has already been observed in many experiments. For examples, Fleck et al. (1994) found that in the micro-torsion test, the scaled torsional strength of a thin copper wire increases almost three times as the diameter of thin wires decreases from 170 mm to 12 mm. Such size-dependent behavior was also observed in recent micro-torsion tests for polycrystalline copper and gold wires (Liu et al., 2013; Chen et al., 2015) . Stolken and Evans (1998) , Motz et al. (2008) and Zheng et al. (2016) reported a significant increase of beam bending strength with a decreasing thickness of ultra-thin nickel beams. Kiener et al. (2011) and Ryu et al. (2016) found that the yield strength and hardness of micropillars under compression and torsion increase with a deceasing diameter. Based on micro-forming tests of brass, Ran et al. (2013, Ran and Fu, 2014) verified that ductile fracture is difficult to occur when the grain size of metallic material is relatively small. For different micro-particle reinforced composites, Lloyd (1994) , Sajjadi et al. (2011) and Liu et al. (2014) found an obvious improvement of flow strength when the volume fraction of particles keeps unchanged but with a decreasing diameter. More experimental evidences of size effect were provided by micro-indentation test, in which the material hardness was found to increase with a reducing indentation depth (for examples, Nix and Gao, 1998; Choi et al., 2012; Li et al., 2015; Zhao et al., 2016) . Unfortunately, the classical plasticity theory fails to characterize the size dependent phenomena since no internal length scale is involved in the constitutive relation. Based on the microscopic mechanism of plastic deformation and hardening (Cottrell, 1964; Ashby, 1970) , strain gradient plasticity theories were developed, in which an intrinsic length scale of materials was introduced. Such a kind of theory was very popular to account for the size effect in micro-scale metallic materials. The strain gradient plasticity theory can be generally divided into two classes. The first one involves high-order stresses as the work-conjugate to the strain gradient with high-order boundary conditions. Typical examples include Fleck et al. (1994) , Fleck and Hutchinson (1997) , Gao et al. (1999) , Hwang et al. (2003) , Yi et al. (2010) and Guha et al. (2013) . Another framework retains the essential structure of the classical plasticity without any high-order stress, in which the strain gradient comes into play through the incremental plastic hardening modulus or a yield criterion. Relevant works include Acharya and Bassani (1995) , Wang (2000, 2002a) , Gao and Huang (2001) , Abu Al-Rub and Voyiadjis (2006) and Askari et al. (2015) . With the strain gradient plasticity theories, size effect found in various micro-tests can be effectively predicted, such as the thin wire torsion and ultrathin beam bending (Fleck et al., 1994; Wang, 2000, 2002a; Huang et al., 2000; Gao and Huang, 2001; Mao et al., 2013; Bardella and Panteghini, 2015) , the micro-and nano-indentation (Nix and Gao, 1998; Abu AlRub and Voyiadjis, 2006; Chen et al., 2007; Ouyang et al., 2010; Ma et al., 2012) , compression of micropillars (Kiener et al., 2011; Zhang et al., 2014; Lin et al., 2016) as well as uniaxial compression and tension of particle-reinforced metal matrix composites (PMMC) (Fleck and Hutchinson, 1997; Chen and Wang, 2002b; Aghababaei and Joshi, 2011; Azizi et al., 2013; Legarth, 2015) . The strain gradient theories have also been successfully applied to study some other interesting issues at micro-scales. For instances, finite element method (FEM) combining strain gradient plasticity theories have been implemented to explain the cleavage fracture near the crack tip (Xia and Hutchinson, 1996; Chen and Wang, 2002c; Huang et al., 2014; . Strain gradient theories were also used to analyze void size effect on the stress distribution and void growth in porous solids (Liu et al., 2003; Wen et al., 2005; Monchiet and Bonnet, 2013) . Furthermore, strain gradient constitutive models were established for crystalline solids in order to reveal the grain size effect on mechanical properties of single-, bi-and poly-crystals (Smyshlyaev and Fleck, 1996; Siddiq et al., 2007; Wu et al., 2012; Xiao et al., 2015; Lyu et al., 2015) . Acharya and Beaudoin et al. proposed a grain-size dependent hardening law for viscoplastic poly-crystals, in which an intrinsic length scale was incorporated into the constitutive equation via a gradient measure of lattice incompatibility Beaudoin et al., 2000) . Tang et al. (2004 Tang et al. ( , 2005 subsequently developed FEM models based on Acharya and Beaudoin's theory, which were applied to predict the crack tip fields in a single crystal and the directional dependence of crack growth along interfaces in a bi-crystal. Though plenty of works have been carried out in the field of strain gradient plasticity, few attentions have been paid to the inservice damage caused by the material deformation. This issue has in fact been believed to be one of the main reasons resulting in the deviation between the experimental data and the strain gradient theoretical predictions (Chen and Wang, 2002b; Jiang and Tohgo, 2011; Martinez-Paneda and Betegon, 2015) , especially for micro-particle reinforced composites. On the other hand, without considering the strain gradient effect, the classical continuum damage mechanics was found to be failure in predicting size-dependent degradation in micro-test of thin metal film and PMMC (Yang et al., 2008; Scudino et al., 2009; Liu et al., 2012) . In view of these problems, a strain gradient theory considering the in-service damage effect simultaneously is needed. Within the framework of nonlocal continuum theory (Eringen, 2002) , a few of gradient-enhanced damage models were proposed for ductile materials, in which not only an intrinsic length parameter via a second-order gradient of plastic strain but also a strain-dependent damage variable is introduced in the constitutive relation (Voyiadjis and Dorgan, 2001; Engelen et al., 2003; Lele and Anand, 2009; Sciarra, 2012; Placidi, 2016) . Such kind of model can eliminate the spurious meshdependency in numerical solutions, even though the high order terms in governing equations bring more cumbersomeness to the computational implementation. On the other hand, strain gradient plasticity theories were used to study the problem of shear band localization (another kind of material damage during the loading process, also called as failure) (Zbib and Aifantis, 1992; Shi et al., 2009; Chen et al., 2011; Zhu et al., 2016) and softening of a bar under a uniaxial tension (Engelen et al., 2006; Borg, 2007) . Such a damage behavior was characterized by a negative softening modulus in these works, which is used to describe the softening stage after the strain hardening one. It is different from the in-service damage considered in the present paper, which happens along with the deformation, even in the elastic stage due to the microstructure evolution. However, determination of the intrinsic length parameter involved in the strain gradient plasticity theories is always a debatable problem, which, instead of a constant, should be related to the plastic deformation and microstructure characteristics (Nix and Gao, 1998; Abu Al-Rub and Voyiadjis, 2004; Voyiadjis and Abu Al-Rub, 2005; Faghihi and Voyiadjis, 2012) . Recently, Liu and Elsayed (2015) also found that better agreement between theoretical predictions and experimental data for the thin wire torsion can be achieved with a decreasing intrinsic length, which they suggested may be attributed to the ductile damage inside the micro-scale materials. How to formulate the intrinsic length parameter as a function of material damage remains an open question. The main aim of this paper is to establish a new framework of strain gradient theory with material damage taken into consideration. Based on the continuum damage mechanics (Lemaitre, 1992) , a strain-dependent damage variable is defined, which is further introduced into the low-order strain gradient constitutive law proposed by Chen and Wang (2000) and the formula of intrinsic length parameter given by Nix and Gao (1998) . Size effect is induced by the strain gradient, while damage effect is resulted from deformation. The key feature of the new theory is that both the instantaneous tangent modulus and the intrinsic length parameter will be influenced by the material damage parameter, while the strain gradient theory with microstructure damage evolution still retains the essential framework of the incremental version of conventional J2 deformation theory and obeys thermodynamic restrictions. The present constitutive relation considering both the size effect and the damage one describes the material behaviors in the elastic and elastic-plastic stages, which is used to predict size effect in thin wire torsion and ultrathin beam bending in this paper. Both results agree well with the experimental measurements.
Brief review of the C-W strain gradient theory
Inspired by Acharya and Bassani (1995) , in which they suggested that the strain gradient in a plastic flow theory could serve as an internal variable to increase the current tangential modulus, Chen and Wang (2000) proposed a low-order strain gradient theory retaining the essential structure of the incremental version of the conventional J 2 deformation theory, but with a new incremental hardening law,
where the superposed dot denotes the material time derivative and A 0 ðε e Þ denotes the current tangential modulus. a is an exponent. s e ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 3s 0
q is the Von Mises effective stress as a work conjugate of the effective strain
s ij and ε ij represent the stress and strain tensors (i; j ¼ 1; 2; 3), with the deviatoric stress and deviatoric strain s 0 ij and ε 0 ij , respectively. h denotes the strain gradient term, which is defined as
is the stretch gradient (Fleck and Hutchinson, 1997) , c e is the effective rotation gradient. l 1 and l cs are intrinsic length scales for stretch and rotation gradients, respectively; c ij and q i represent the rotation gradient tensor and rotation vector, respectively; The constitutive relation of the low-order strain gradient plasticity theory is in an incremental form (Chen and Wang, 2000) .
It shows that the C-W theory involves neither high-order stress nor extra boundary conditions, which has successfully predicted size effect observed in several experiments, for examples, thin wire torsion, ultrathin beam bending, microindentation of pure metals and film-substrate system, as well as cleavage fracture at crack tip. However, the effect of micro-structural damage accompanying deformation can not be characterized by the original C-W theory.
3. A strain gradient theory considering the effect of micro-structural damage
The damage variable
The Cauchy stress s ij satisfying the equilibrium equation s,V þ f ¼ 0 in a damaged material is different from the stress b s ij in an undamaged body (Lemaitre, 1992) . The two stresses can be linked by a damage parameter D,
It shows that the introduced damage parameter characterizes a loss of load bearing capacity of the damaged material. In this paper, an isotropic damage case is considered so that D is taken as a scalar (Lemaitre, 1992) . From a microscopic point of view, damage of a material is closely related to nucleation, coalescence and evolution of microcracks and voids, which are induced by microstructural deformation. Therefore, the damage parameter can be phenomenologically taken as a function of the effective strain ε e . Assuming microstructural damage initiating with deformation, an empirical function has been proposed to describe the damage evolution (Engelen et al., 2003; Chen and Ghosh, 2012) ,
where ε ec is defined as a critical effective strain for complete failure of materials. Therefore, the range of D lies between 0 and 1 in the interval of 0 ε e ε ec , which characterizes damage variation in the whole deformation process of a material.
A damage-dependent intrinsic length scale
The intrinsic length l in strain gradient plasticity theories was always taken as a constant (Fleck et al., 1994; Gao et al., 1999; Chen and Wang, 2002a ). However, many other studies suggested that the intrinsic length should change with the deformation of microstructure (Nix and Gao, 1998; Abu Al-Rub and Voyiadjis, 2004; Voyiadjis and Abu Al-Rub, 2005) . A recent research further revealed that the intrinsic length of a material may be reduced by damage (Liu and Elsayed, 2015) . A relationship between the damage variable and the intrinsic length scale should be established. According to Nix and Gao (1998) and Gao and Huang (2001) , the intrinsic length l of a perfectly elasto-plastic material can be expressed as
where l is an empirical constant usually on the order of 1; m is the elastic shear modulus and s Y is the yield stress in the absence of strain gradient; b is the Burgers vector.
As demonstrated by uniaxial-tension test for metallic materials (Lemaitre, 1995) , damage can hardly affect the yield stress s Y since the elastic deformation is very small, while the Young's modulus should decrease by a factor of 1 À D, i.e., E ¼ Eð1 À DÞ. It consequently leads to a damaged shear modulus m ¼ mð1 À DÞ. As a result, the intrinsic length of a damaged material can be obtained as
Combining Eqs. (6) and (8) shows that the intrinsic length l for a damaged material decreases with increasing damage and increasing plastic deformation, which is consistent with the suggestion proposed by Abu Al-Rub and Voyiadjis (2004) and Liu and Elsayed (2015) .
Strain gradient constitutive relation with damage effect
The incremental constitutive relation in Eq. (4) 
Replacing the intrinsic length l for an undamaged material with l for a damaged material in the incremental hardening law proposed by Chen and Wang (2000) for strain gradient plasticity, we can re-write Eq.
(1) as
where l abides by Eq. (8).
Integrating Eq. (11) yields
where b represents an integration variable ranging from 0 to ε e .
The incremental form of Eq. (10) can be written as
Substituting Eqs. (11) and (12) into Eq. (13) yields,
where
Equation (15) denotes the incremental hardening relation for a damaged material with the characteristic length in micro-or sub-micro meters.
Comparing with the conventional J2 deformation theory, the present theory includes not only the effect of strain gradient plasticity but also the effect of microstructural damage. Furthermore, the microstructural damage evolution influences not only the instantaneous tangential hardening modulus but also the intrinsic length. The equilibrium equation still obeys the classical framework of the conventional plasticity theory without additional boundary conditions in contrast to high-order strain gradient plasticity theories (Fleck et al., 1994; Fleck and Hutchinson, 1997; Gao et al., 1999) and gradient-enhanced damage theories (Voyiadjis and Dorgan, 2001; Engelen et al., 2003; Sciarra, 2012) .
Comparison between theoretical predictions and experimental measurements
Cases of thin wire torsion and ultrathin beam bending are analyzed with the above theory. Only the mechanical behavior in the hardening stage is studied since few experiments gave the measured results in the softening stage for the two structures.
Thin wire torsion
As shown in Fig. 1 , a Cartesian coordinate system ðx 1 ; x 2 ; x 3 Þ and a cylindrical polar coordinate system ðr; q; x 3 Þ are attached to a thin wire with the longitudinal axis in the x 3 direction. The center of the circular cross-section of the wire coincides with the origin of ðx 1 ; x 2 Þ or ðr; qÞ plane. The radius of the wire is a. k is the twist per unit length of the wire and taken to be positive without loss of generality. The displacement field can be written as
which yield the torsion-induced shear strains in the Cartesian coordinate system
and the non-vanishing components of the rotation gradient tensor.
Then the effective strain and the effective rotation gradient can be obtained as,
For a thin wire under pure torsion, the stretch gradient in Eq. (2) equals zero according to Smyshlyaev and Fleck (1996) ,
Combining Eqs. (2) (19) and (20) leads to h ¼ k.
According to Fleck et al. (1994) and Chen and Wang (2000) , a simple power law is adopted to describe the constitutive relationship between the effective stress s e and effective strain ε e for a perfectly elasto-plastic thin wire,
where s 0 and N are material constants.
Then the relation for a damaged elasto-plastic thin wire can be obtained according to Eq. (14) as 
which can be further expressed in the cylindrical coordinate system as Fig. 1 . Schematic of a thin wire under torsion. Both a Cartesian coordinate system ðx 1 ; x 2 ; x 3 Þ and a polar one ðr; q; x 3 Þ are attached to the thin wire of radius a. Q is the torque and k is the twist per unit length of the wire.
The overall torque induced by t qz can be obtained,
based on which the relation between the overall torque and surface strain ε w ¼ ka can be established. Detailed analysis is given in Section 5. Fig. 2 shows an ultrathin beam with its longitudinal axis in the x 1 direction. Bending occurs in the ðx 1 ; x 2 Þ plane. The model can be regarded as a plane stress plate in the x 2 direction due to the very thin thickness and a plane strain case in the out of plane (x 3 ) direction. k denotes the bending curvature. h and b are the beam's thickness and width, respectively. Due to the small deformation in bending, the displacement field is
Ultrathin beam bending
which lead to the non-zero strain components
and the non-zero component of rotation gradient tensor.
Using Eqs. (28) and (29) leads to the effective strain and the effective rotation gradient,
The stretch gradient is (Chen and Wang, 2000) h According to Smyshlyaev and Fleck (1996) , l cs is much larger than l 1 , which results in a very small c 1 in Eq. (2 According to the tensile test of thin foil-beams (Stolken and Evans, 1998), a piecewise linear function was adopted to describe the constitutive relationship between the effective stress and effective strain (Chen and Wang, 2000) ,
where ε 0 ¼ ffiffiffi 3 p S 0 =ð2EÞ is the yield strain, and b
Here, S 0 is the yield strength, E and E p represent the Young's modulus and linear hardening modulus, respectively. Substituting Eq. (32) into Eq. (15) leads to an incremental relation considering both effects of strain gradient and damage,
Substituting Eq. (30) into Eq. (33) yields. 
Considering the plane stress condition in the thickness direction and plane strain condition in the width direction leads to
The moment acted on the thin beam can then be obtained as
based on which the relation between the bending moment and surface strain ε b ¼ kh=2 is established.
Results and discussion

Thin wire torsion
The coupling effect of size and damage in thin copper wire torsion is analyzed based on Eq. (26). According to Fleck et al. (1994) , the power exponent N in the hardening law is taken as 0.22 and the intrinsic length scale l in Eq. (8) is taken as 2:82mm for an undamaged copper wire (Chen and Wang, 2000) . The critical effective strain ε ec is taken as 30 corresponding to D ¼ 1, which has the same order of magnitude as the fracture strain of metal wires (Dieter, 1986) . Fig. 3 presents the torque versus surface strain for thin copper wires with diameters ranging from 12 mm to 170 mm, in which the damage parameter abides by Eq. (6). Both the result predicted by C-W theory without damage effect and the experimentally measured data in Fleck et al. (1994) are given for comparison. It is found that both the theoretical predictions with and without damage effect agree well with the experimental data, while the former is slightly smaller than the latter for a thin wire with a fixed diameter and a given surface strain due to a reduction of the load bearing capacity resulted from damage. The small deviation between the two kinds of theoretical predictions further demonstrates that microstructural damage of the analyzed thin copper wire under torque is not very obvious in the involved strain range. It agrees with the fact that the purity of the copper used in Fleck et al. (1994) is much high, leading to internal weak damage during the deformation process.
Ultrathin beam bending
Experimental test on the bending moment of ultrathin nickel beams with different thickness has been carried out by Stolken and Evans (1998) , in which the bending moment is influenced significantly by the beam thickness. The intrinsic length scale for nickel beams was predicted to be l ¼ 3:3mm by the C-W strain gradient plasticity theory without damage effect (Chen and Wang, 2000) . The yield strength and hardening modulus for beams with different thickness are given in Table 1 according to the tensile test of nickel foils (Stolken and Evans, 1998) . Considering the microstructural damage effect during the beam bending process, we analyze the bending moment based on Eq. (37), in which not only the size effect but also the damage one is included. The damage function given in Eq. (6) is adopted, in which the critical effective strain ε ec is taken to be 0.5 without loss of generality for an ultrathin bending beam. The predicted bending moment as a function of the surface strain for nickel beams with different widths is shown in Fig. 4 . The experimental data as well as the result predicted by the C-W strain gradient plasticity theory without damage effect is also given for comparison. It is found that both the theoretical predictions with and without microstructural damage effect agree well with the experimental results. In contrast, the former one agree better with the experimental measurements than the latter, which demonstrates that the microstructural damage is a little bit obvious in the beam bending experiment. Another interesting finding in Fig. 4 is that the thinner the beam, the more significant the damage effect would become. It suggests that a thicker beam with a larger bending rigidity exhibits a better resistance to the damage evolution.
Comparison between the present theory and the Aifantis's theory
Aifantis and Zbib et al. proposed a kind of gradient-dependent theory of plasticity (Aifantis, 1984 Zbib and Aifantis, 1992; Taylor et al., 2002) , in which the yield function was formulated as
where t is an effective stress (e.g., a von-Mises stress), g is the accumulated effective plastic strain, kðg; V 2 g; VgÞ is a flow stress related to its classical counterpart k 0 ðgÞ (linear or exponential function of g) and the strain gradient terms, c 1 and c 2 are two coefficients associated with the intrinsic length scale. The tangent modulus of a material can be expressed as Fig. 3 . Torque as a function of the surface strain for copper wires with different micro-meter diameters, in which the solid lines denote the C-W theoretical predictions without damage effect (Chen and Wang, 2000) , the dashed lines denote the theoretical results predicted by the present strain gradient theory with damage effect, and the scattered symbols denote the experiment data given by Fleck et al. (1994) .
The yield function in such a strain gradient theory can be regarded as a hardening law for a positive tangential modulus h, and a softening one for a negative tangential modulus h. Usually, the mechanical behavior of most materials can be divided into three stages, the elastic deformation, the elastic-plastic deformation and the last softening stage. Sometimes, the softening region is also called as a damage stage, during which shear bands would happen. Strain gradient theories can also be well used to explain the behavior of shear bands when the tangential modulus takes a negative value at the softening stage, for examples, , Zbib and Aifantis (1992) , Taylor et al. (2002) , Chen et al. (2011) . In addition, Bammann and Aifantis proposed a physically-based gradient theory of continuum damage, in which the volume fraction of voids (porosity) was used as a measure of damage (Bammann and Aifantis, 1989; Solanki and Bammann, 2010) . The intrinsic length scale of material was introduced into the elasto-plastic constitutive equations via a second-order gradient of porosity, so that the coupling effect of size and damage was considered. However, the porosity is not easy to determine in experiments (Yu and Feng, 1997) . Different from the strain gradient theories proposed by Zbib et al. (Aifantis, 1984, 1992; Zbib and Aifantis, 1992; Taylor et al., 2002) . and the gradient theory of continuum damage (Bammann and Aifantis, 1989; Solanki and Bammann, 2010) , the present theory has several unique features. (i) It belongs to a low-order strain gradient theory without any high-order gradient terms due to the introduction of incremental constitutive relation. The strain gradient can be looked as an internal variable.
(ii) The damage parameter as a function of the effective plastic strain is introduced into the strain gradient hardening law to characterize the damage effect during the whole deformation process, which depends on the effective strain and the finally failure one as shown in Eq. (6). Such a definition of damage has been well adopted in the continuum damage mechanics due to the measurable parameters and consistence with experimental results. (iii) Since the intrinsic length depends on the material properties, it should depend on the damage parameter. An analytical relation between the intrinsic length and the damage parameter is established in the present model, in contrast to a constant one in the existing strain gradient theories. The instantaneous tangential modulus during deformation is also affected by the damage parameter due to Fig. 4 . Non-dimensional bending moment versus the surface strain for ultrathin nickel beams with different thickness, where the solid lines denote the C-W theoretical predictions without damage effect (Chen and Wang, 2000) , the dashed lines denote the theoretical results predicted by the present strain gradient theory with damage effect, and the scattered symbols denote the experiment data given by Stolken and Evans (1998) .
the microstructure evolution. (iv) The present model can also be used to analyze the shear band problem only if the constitutive relation of a material includes the softening stage with a negative shear modulus.
Conclusions
A strain gradient plasticity theory considering the damage effect is developed, which remains not only the main feature of the low-order strain gradient theory proposed by Chen and Wang (2000) but also that of the continuum damage mechanics (Lemaitre, 1992) . As a result, no high-order stress or high-order boundary condition is involved. Not only the tangential hardening modulus but also the intrinsic length involved in the strain gradient plasticity theory depends on the damage parameter, both of which are reduced by the microstructural damage. The proposed theory is further used to analyze the mechanical behaviors of thin wire torsion and ultrathin beam bending. Both the size effect and the damage-induced degradation of material bearing capacity are predicted well, though the damage effect is not very obvious in the two chosen tests. It is no doubt that the present theory should be very useful for understanding the decreasing hardening modulus found in micro-particle reinforced metal matrix composites (Lloyd, 1994; Liu et al., 2012; as well as the mechanical property of nano-crystalline gradient materials under external loading (Lu et al., 2000 (Lu et al., , 2009 Fang et al., 2011) . Further study on the coupling effect of size and microstructural damage evolution in composites is forthcoming as well as the prediction of shear band width in metals.
